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ABSTRACT
By an explicit construction, it is shown that the geometry of the SU(3)
pion multiplet with respect to the group manifold SUL(3)⊗ SUR(3) may
be deformed to admit a second pseudoscalar multiplet that is analogous to
the Z0 in unied theories of the electroweak interaction. This observation
is found to play a key role in the construction of the N = 1 supersymmetric
models with pions and Dirac-like spin-1/2 superpartners (‘pionini’).
1Supported in part by National Science Foundation Grant PHY-91-19746




In a recent series of papers [1, 2], an exploration of the possibility to construct
4D, N = 1 supereld actions that generalize the phenomenological approach of Chiral
Perturbation Theory [3] has been carried out. With the work of [2], the initial phase
of the construction of super-Chiral Perturbation Theory (or \S-Chiral Perturbation
Theory") was completed. Of course, there is no sign that the low-energy physics of
pions is supersymmetric, but in a hypothetical world of unbroken supersymmetry,
there is no impediment to the study of such a model.
In such a hypothetical world, accompanying the pion there would exist a set of
spin-1/2 particles (hereafter to be called \pionini"). Carrying these consideration one
step further, we are confronted with a choice of whether the pionini should be Dirac,
Majorana or Weyl particles. This makes a big dierence in the attempt to construct
models of the QCD eective action in this hypothetical world. In the former case,
it would be required that there are two SU(3)-octets of 4D, N = 1 superelds to
construct the supermultiplet containing the pionini. In the latter two cases, only one
SU(3)-octet of 4D, N = 1 superelds is required.
For our purposes, let us assume that the hypothetical pionini are Dirac particles.
(One reason for this assumption is that most of the existing literature on 4D, N =
1 supersymmetric QCD-like eective actions4 is based on the opposite assumption.
Thus that case is well studied already.) On the other hand, it is only with our
recent work [1] that models which describe Dirac pionini have entered the literature.
However, the class of models that we have described so far utilizes both chiral (C), i.e.
Wess-Zumino [6], and nonminimal (N) [7], i.e. complex linear, superelds to describe
the two chiral components of a Dirac spinor. Since such a description uses both types
of multiplets, we call these CNM (chiral-nonminimal multiplet) models. On the other
hand, almost all of the literature on phenomenological applications of supersymmetry
[8] uses pairs of chiral superelds to describe Dirac spinors. We are thus motivated
to ask, \Whether a 4D, N = 1 supersymmetric QCD-like eective action containing
Dirac pionini is possible to construct utilizing only chiral superelds?" The answer
to this question turns out to be armative as we will see in this work.
As a by-product of this question posed within the context of supersymmetrical
theories, we will also learn how it is possible to formulate the SUL(3) ⊗ SUR(3)
geometry of the pion in a manner that has not (at least to our knowledge) appeared
in the physics literature previously.
4For a nice review of a large part of the literature on this topic, see ref. [4]. A discussion to
consider more recent developments can be found in the work of ref. [5].
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2 Ur-formulations of SUL(3)⊗ SUR(3) Geometry of
the Pion
For as long as it has been known that the group manifold SUL(3)⊗ SUR(3) plays
an important role in understanding the dynamics of pions, it has been assumed the
the interpretation of this particle in terms of the geometry of this manifold is unique.


























where t1; :::; t8 are essentially the Gell-Mann SU(3) matrices and f is the pion
decay constant. The SU(3) group elements are obtained via exponentiation U 
exp[i 1f
iti]. The rigid SUL(3)⊗ SUR(3) transformations that are symmetries of the
eective action are dened by
U
0
= exp[−ieiti ] U exp[iiti ] ; (2)
with independent real left and right transformation parameters ei and i. For in-
nitesimal parameters this can be written as a variation of the SU(3) octet containing
the pion elds,
i = − i f [ ej(L−1)ji − j(R−1)ji ]  (A)i(A) : (3)
We note that inverse Maurer-Cartan forms (L−1)j
i and (R−1)j
i appear. In nite form,
this corresponds to the coordinate transformation,
i
0
= Ki() = exp[(A)j(A)@j ] 
i ; @j  @=@
j : (4)





d4x Tr[ (@aU−1 ) (@aU ) ] : (5)
Our notational conventions have been explained in the work of ref. [2].
Historically, the pion was introduced to be the fundamental mediator of the strong
nuclear force much as the photon is the fundamental mediator of the electromagnetic
force. Let us now carry this analogy a step (maybe too much) farther. With the
construction of the Glashow-Weinberg-Salam model [9], it was recognized that the
photon must be accompanied by a second massive neutral vector boson, the Z0-
particle. We now wish to appeal to this historical precedent. Let us imagine that
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the pion, like the photon, is actually a linear combination of two \ur-elds." For the
photon these ur-elds are the hypercharge gauge eld Ya and the third component of
isospin gauge eld W 3a .
To play the role of the ur-elds for the pion we introduce two pseudo-scalar elds














We imagine that the pseudo-scalar spin-0 elds i and i are the \physical states"
with the latter playing the role of the Z0-particle. It is obvious that the quantity γS
here plays the analogous role of the weak mixing angle, W .
The next problem to confront is that of to what representation of the SUL(3) ⊗
SUR(3) symmetry should A
i and Bi belong? Following the precedent of the Glashow-
Weinberg-Salam model wherein Ya and W
3
a are assigned to distinct representations of
SUW (2)⊗UY (1), we assign the pseudoscalar ur-elds to distinct representations. We
do this by assuming that Ai transforms like a coordinate of the Lie algebra manifold
but that Bi transforms like a 1-form. This statement implies that the transformation
laws for Ai are obtained by simply replacing i ! Ai in (2-4) above. It is convenient
to also make a slight re-denition in how the group elements U are obtained from the





















Finally given these assignments of transformation properties, an action that is invari-
ant takes the form,








aU−1 ) (@aU ) + N1(@
a eBy ) (@a eB ) ] ;
(10)
in terms of the matrix eld eB  i@U=@AiBi and normalization constants N0, N1.






































j ) : (12)
In a similar manner, we nd,
Tr[










































Now the \physics" of the pions described by the action in (5) is dierent from that
described in (10). It is of course of interest to know explicitly how such dierences
might manifest themselves for example in amplitudes. In order to see this, we will
rst consider (10) in the limit where  = 0 and calculate the resulting action. This
is summarized by the following equation,










where we have chosen to set N0 = N1 = 1. The explicit forms of the actions S1 and





























] i k( @aj)( @a
l) :
(16)
In arriving at these results we have used
lim
!0














Ai = i cos(γS) ; lim
!0
Bi = − i sin(γS) :
(17)
A few comments about the second limit above are in order. Since the operations of
taking the limit as ! 0 and @
@i
do not commute, we must take some care. Due to
the functional form of U(A), the following operator equation is valid when acting on








When this is inserted into (14) we arrive at the second limit stated in (17).
It is easily seen that the dierences in contributions to pure pion amplitudes
calculated using the two distinct actions ((5) vs. (10)) will be at least of order sin2(γS).
For γS 
1
10 this corresponds to a suppression by a factor of one hundred between
the dierences of amplitudes computed from the two dierent actions. In principle at
least (although we are pessimistic about the practicality of this), precision pion physics
experiments should place upper limits on this parameter. Additional suppression is








The process of taking the limit at  ! 0 has one other important consequence.
Although the two terms in (10) are separately SUL(3)⊗SUR(3) invariant, after taking
the limit, the resultant action of (15) breaks this symmetry by terms of order sin2(γS).
One way to see that the symmetry is broken is to note that the variation of i is
given by











and if we take the limit of this equations as  ! 0 then there arises the constraint
γS =

2n where n is any integer. In other words, no mixing in the initial model.
It is easily possible to work out, to any order, the coupling of the hypothetical
\-pion" SU(3) multiplet to the usual pion SU(3) multiplet. Due to the rigid re-
strictions imposed by the SUL(3)⊗SUR(3) geometry, these couplings are completely
determined. However, once more in analogy to the electroweak paradigm, we would
expect there to be a large mass gap between these (even if they existed as bound
states of sucient lifetimes to be detectable) and the usual pion octet that would
defeat the naive hope of detection. To lowest order in the -pion eld, the couplings
that follow from (10) take the form







i [ T i − (@
aVa i ) ]
o
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where the constants gi are dened by
g1 = sin
2(γS) tan(γS) ; g2 = sin(γS) cos(γS) ; (21)
The derivation of (20) follows from a Taylor expansion w.r.t i and the use of (18).
We note that g1 = O[(γS)
3] and g2 = O[(γS)] so that the leading vertex for the
emission of the -pion is obtained from the rst term of Va i. The next such vertex
is obtained from the third term in Ti. We emphasize that the group elements U that
appear in (20) are evaluated in the limit of ! 0.
Having understood this simple mechanism for describing the pion in a manner
where it is a linear combination of two distinct representations of the SUL(3)⊗SUR(3)
group manifold, it should be natural to ask, if it possible to have even more compli-
cated descriptions of the pion. The answer is yes. The key point is that higher order
tensor elds Bi1:::ip over the SUL(3) ⊗ SUR(3) group manifold possess innitesimal
variations of the form
Bi1:::ip = 
(A)























appropriately, such higher tensor
elds can be converted into matrix valued elds whose actions take precisely the same
form as the last term in (10). Clearly linear combinations of such actions lead to even
more complicated descriptions and many more mixing angles.
The observations that we have made in this section amount to mathematical
curiosities. There is no particular motivation for choosing any of the ur-formulations
of the pion over the standard one. The presence of supersymmetric models with
Dirac-like pionini has the potential to change this dramatically.
3 Chiral Supereld Fibers Over Chiral Supereld
Manifolds
In the third work of ref. [1], the general -model geometry of a CNM model was
introduced. The distinctive feature that dierentiates this from the usual 4D, N =
1 supersymmetric non-linear -model geometry is that the nonminimal superelds
can be introduced as 1-forms not coordinates of the -model manifold. However,
once this geometrical feature is realized, it becomes obvious that in a general chiral
supereld non-linear -model with coordinates (1; 2; :::;2p), it is always possible
to regard a subset (say (1; 2; :::;p)) as the coordinates of a sub-manifold and
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replace the remaining chiral superelds by 1-forms over the sub-manifold. For an
SUL(3) ⊗ SUR(3) group manifold (which is what we require in the present setting)
this idea may be implemented in the following way.
It is a well known fact that in order to describe a Dirac spinor requires two distinct
superelds. So if the pionini existed as Dirac particles, two SU(3) octets of chiral
superelds are required. We may denote these by IR and 
I
L with I = 1; :::; 8. Let us
for the moment assume that both transform as the coordinate of the SUL(3)⊗SUR(3)
group manifold. If this is the case, we may exponentiate appropriately either one to
form an SU(3) group element. For this purpose let us pick IR so that U(R) is
such a group element. We may dene a new chiral supereld variable K though
the equation IL  C2
−1Tr[ (@KU(R))
KtI]. As a consequence of this denition, I
must be a 1-form over the group manifold. Thus, an equivalent set of variables is
given by IR and 
I. In this way Dirac-like pionini leads to the introduction of chiral
superelds that are distinct representations of the group manifold.
Once one is forced to utilize two chiral superelds, then the pion might occur as
a linear combination of the two psuedo-scalar component elds that occur at leading
order in the -expansion. This leads to the introduction of a mixing angle and thus
the simplest ur-formulation, as presented in section two, seems to arise whenever we
demand the presence of Dirac-like pionini. This is independent of whether we utilize
two chiral superelds or one chiral supereld and one nonminimal supereld as in the
CNM models.
So we may begin by introducing a set of chiral superelds I that correspond
to the coordinates of the SU(3) Lie-algebra. Next we introduce a distinct set of
SU(3) 1-form chiral superelds I. The innitesimal transformation law of I is
now determined by (3) replacing all ordinary elds by superelds. Similarly, the
innitesimal transformation laws of I are determined by (8) where again all ordinary
elds are replaced by superelds.


















yU ] + N1Tr[ by b ] 
−
h






















where SNR refer to the Rohm-Nemanschansky action [10]. Due to the work of these
authors, we know that the ultimate term above contains a component level WZNW
term. With a little modication of their calculations, it is easy to see that third and
fourth actions above also contain terms that may be interpreted as WZNW terms. So
for arbitrary values of γS, this action always contains a component level WZNW term.
Finally we note that the action in (24) does not correspond to the dual formulation of
the CNM models of [2]. This is most easily veried by noting that only one factor of
 appears in the WZNW terms above. The dual CNM models always are quadratic
in this dependence. By the same reasoning, we see that the NR action is also not the
dual CNM model action.
The SUL(3) ⊗ SUR(3) symmetry of this action is guaranteed as long as H1I J K L
and H2I J K L are appropriately transforming tensors, i.e. respectively of type (3,1) and
(2,2) with respect to a holomorphic-anti-holomorphic form basis.
On the other hand, the rst two terms in (24) obviously describe a particular 4D,
N = 1 supersymmetric non-linear -model with a Ka¨hler geometry. We now want
to focus on the component eld action described by these terms. First we dene the
component eld via the following denitions (with   ItI),














j  F(x) ;
(25)
where we observe that upon setting AI = 0, this reduces back to (7). In a similar
manner we dene,
bj  bB(x) = [ @IU(j) ] n BI(x) + ih − I(x)sin(γS) + I(x)cos(γS) i o ;
D bj  (x) ; D2 bj  G(x) :
(26)







. Note that the component denoted by bB here is
slightly dierent from the similar eld dened in (10). Only upon setting AI = BI = 0
will the two elds coincide.




































a bBy )(@a bB ) − i@a:y + GyG i :
(27)
Using the same methods as were developed in the discussion of the -pion multi-
plet coupling to the usual pion multiplet in section two, similar results can be derived
from (27) for the coupling to the A and B multiplets. As well it is straightforward to















:y(x) = 12(I− γ
5) ‘I(x)
; (28)
is a free eld (at this level) with interactions only arising through the WZNW terms
in (24). Thus, the fermionic terms of (27) can be combined as
i ‘ 6@ ‘ = i  
:
y @a 




Although the sum6 in (29) is invariant under the exchange of   and :
y, (thus insuring
parity invariance) the total action in (24) does not possess this symmetry. Thus, we
nd the result that the mere presence of Dirac-like pionini implies a breaking of parity
even in the absence of the electroweak interaction. The breaking of parity can also be
observed in the form of the supersymmetry variations that leave the action invariant.
The left and right components of ‘ enter these variations in a highly asymmetrical
manner. A similar result has been observed within the CNM models. Although the
kinetic energy terms for the spin-0 elds in (27) appear to be the same as that in
(10), this is only an apparent similarity. The terms in (27) include kinetic energies
for AI and BI which do not appear at all in (10). Similarly, the eld AI appears to all
powers in (27) while BI appears only quadratically. This nonpolynomial appearance
of AI can be understood upon observing that U y(j) 6= U(j) which implies that the
sigma model in (27) possesses a non-compact geometry in contrast to the compact
6By further eld re-denitions, the spinor action in (27) can be made to possess a canonical
normalization.
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geometry described by the model in (10). One of the most obvious points is that if we
only retain the elds i and i in (27) and set all remaining elds to zero, then the
supereld action in (27) reduces to the action in (10), the pure pion limit of which is
given by eS() dened in (15). By the same duality argument used in [2], this must
also be the pure pion limit of the CNM -model of the supersymmetric QCD eective
action (after eliminating all auxiliary elds).
4 Conclusion
As we saw in the beginning of this work, the ur-formulations of the SUL(3) ⊗
SUR(3) geometry of the pion exist outside of the supersymmetric context. However,
without supersymmetry these are very ad hoc and unnatural. In the presence of Dirac
pionini this is not the case. As mentioned already the simplest ur-formulation also
occurs in the context of our previously constructed CNM models [1, 2]. The model
in (10) is determined (up to constants) totally by the SUL(3)⊗SUR(3) geometry not
supersymmetry.
This observation permits us to quantify the statement made in ref. [2], that \...,
the manifestly supersymmetric action should come as close as possible to being in
agreement with the Gasser-Leutwyler parametrization [11]." The mixing angle γS
is a measure of this closeness. The smaller the value of this angle, the closer the
ur-formulation ( eS) contained in the CNM model comes to exact agreement with
the usual model of pure pion physics (S). More remarkably, the CNM model is
also the only one that requires the mixing angle γS to be non-zero on theoretical
grounds. Thus, we nd the remarkable situation that the parameter γS (assuming
it is positive) must be bounded (by an equation like 0 < γS <
1
10) from above by
experimental viability of the model and from below by the fact that theoretically it
must contain a pion.
As we have seen in a hypothetical world of unbroken supersymmetry, it is also
possible to describe Dirac pionini with the sole use of chiral superelds. However,
in the purely chiral supereld formulation of such a theory, all possible values of the
mixing angle γS are allowed theoretically. Thus, we may say that the mixing angle γS
is essential within the context of the CNM model but is not otherwise. The concept of
essential versus inessential mixing angles can also be seen within the standard model.
The weak mixing angle (W ) is an essential mixing angle because there are certain
values of W that are not allowed on purely theoretical grounds (i.e. sin(2W ) 6= 0).
On the other hand, the Cabibbo and Kobayashi-Maskawa angles are examples of
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inessential mixing angles.
So it looks like there are many distinct ways to construct 4D, N = 1 supersym-
metric extensions of the chiral model that contains the pion and Dirac pionini. This
is true at least if we only require superactions that contain a -model term as well as
a WZNW term.7 We note, however, that the CNM model and its dual are the only
ones where the transcedental functions that determine the entire pion sector of the
supersymmetric QCD eective action via the Gasser-Leutwyler parametrization, are
holomorphic functions.
Finally, it is interesting that in our hypothetical universe of ur-formulations, the
\γS-suppressed" pion interactions as well as the appearance of the \-pions" emerge
as signals in the simplest such model. These features are necessarily consequences
of the 4D, N = 1 supersymmetric CNM model of the the QCD eective action as
well. Since supersymmetry (if it applies at all to our world) is badly broken, it is
unlikely that we could detect the purely pion physics ‘signals’ of supersymmetry in
Nature...except by the most remarkable serendipity.
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